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Abstract

Unit cell models have been widely used for investigating fracture mechanisms and mechanical properties of composite materials
assuming periodically arrangement of inclusions in matrix. It is desirable to clarify the geometrical parameters controlling the
mechanical properties of composites because they usually contain randomly distributed particulate. To begin with a tractable prob-
lem this paper focuses on the effective Young’s modulus E of heterogeneous materials. Then, the effect of shape and arrangement of
inclusions on E is considered by the application of FEM through examining three types of unit cell models assuming 2D and 3D
arrays of inclusions. It is found that the projected area fraction and volume fraction of inclusions are two major parameters con-

trolling effective elastic modulus of inclusions.
© 2004 Published by Elsevier Ltd.
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1. Introduction

To investigate mechanical properties and ductile frac-
ture mechanisms of structural materials under tension,
finite element analyses have been widely used together
with unit cell models as shown in Fig. 1(a) and (b) on
the assumption of periodically arrangement of voids,
particles, inclusions, and fibers in matrix. In the previous
studies, for example, Needleman [1] discussed void
growth and coalescence using a doubly periodic square
array of circular cylindrical voids. Tvergaard [2,3]
carried out detailed stress analysis for plane strain and
axisymmetric unit cell models (see Fig. 2) considering
shear band instabilities in a void containing medium.

" Corresponding author. Tel.: +81 93 884 3124; fax: +81 93 884
3124.
E-mail address: noda@mech.kyutech.ac.jp (N.-A. Noda).

0263-8223/$ - see front matter © 2004 Published by Elsevier Ltd.
doi:10.1016/j.compstruct.2004.08.034

Christman—Needleman—Suresh [4] also used these two
models to investigate the dependence of tensile pro-
perties on the matrix microstructures of whisker- and
particulate-reinforced metal-matrix composites. In
addition, several other researchers investigated these
types of composites using similar unit cell models [5-9].

However, unit cell models used in the previous stud-
ies always assume periodically arrangement of ‘inclu-
sions’ having the same shape and dimensions. If the
arrangement or shape of inclusions change even a little,
the results may be different from the ones shown in the
papers. From this viewpoint, it appears to be important
to clarify the geometrical parameters controlling the
mechanical properties because they usually contain dis-
ordered distributed particulate. To begin with a tracta-
ble problem, in this paper, we will focus on the
effective Young’s modulus, which is one of the most
important and fundamental properties of composites.
Then, we will discuss controlling parameters through
examining three types of models in Fig. 1 with varying
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Fig. 1. Three kinds of unit cell models considered (a) 2D model (b) 3D
model (c) two-groups-inclusion model both having identical inclusions.

the shape and arrangement of inclusions on the basis of
mechanical and physical consideration.

2. Analysis of unit cell models

To predict effective properties of heterogeneous mate-
rials from a knowledge of constituents is a classical
problem in science and engineering, attracting the atten-
tion of a lot of researchers [9-14]. Recently, some inves-
tigations have been made for disordered array using
such as homogenization method [15-17]. These results
are useful for evaluating the actual composites; however,
if the shape and arrangement of inclusions are changed a
little, we have to reconsider the effective properties. In
other words, there is little discussion about the difference
between the results of simple models and random
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Fig. 2. Axisymmetric unit cell model approximate to 3D array of
inclusions.

arrangement in actual composites in terms of mechanics
or physics of solids. In this study effective Young’s mod-
ulus will be considered for three types of models in Fig.
1 by the application of FEM.

As an example, an axisymmetric unit cell model as
shown in Fig. 2 can be analyzed in the following way
[3]. The boundary conditions of Figs. 2 and 3(a) can
be expressed as

(HOnr=0and 0<z</: u =0, 1,=0,
(I)Onr=Land0<z<L: u=wup, 7.=0,
() Onz=0and 0<r</: uw.=0, 1.=0,
IV)Onz=/Land 0<r<l: wu,=uy, 7.=0.

(1)

Also we have

Iy L
/ 0.|,_, 2nrdr = gy x nl2, / 0yl,_, 2mrdz = 0. (2)
0 0

We have to set the constants u,g, u.g so as to satisfy Eq.
(2). However, since they are still unknown, the auxiliary
problems will be solved instead of solving the given
problem directly. First, the following auxiliary problem
(b) shown in Fig. 3(b) is solved under the boundary con-
dition as shown in Egs. (3) and (4). Here, this C; is an
arbitrary constant.

(HOnr=0and 0<z</: u =0, 1,=0,
I)Onr=Land0<z< L u =0 1.=0,
(MIMIH)Onz=0and 0<r</: w=0, 1.,=0,
IV)Onz=/Land0<r<l: wu=c¢, 1.=0.

3)
Then, the resultant force F; in the r-direction on the
boundaries r = /. with 0 < z < [, and the resultant force
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Fig. 3. (a) Given problem for axisymmetric unit cell model, (b), (c) auxiliary problems.

F, in z-direction on the boundaries z=0, /. with
0 < r <[, are calculated as shown in Eq. (4).

1. 1
/ ar|r:,r2nrdz =Fy, / .|, 2nrdr = F. 4)
0 0 :

Next, the second auxiliary problem (c) shown in Fig.
3(c) is solved under the following boundary conditions:

IHOnr=0and0<z<L: u =0, 1.=0,
(I)Onr=1and 0 <z <
(III) Onz=0and 0 < r <
(IV)Onz=1/,and 0 <r <

z - U, = cy, Tz = Oa

l:
l,: U, = 07 T = 07
lr u, = O, Ty = 0.

r

(5)
Then, the resultant force F5 in the r-direction on the
boundaries r = /. with 0 £ z < [, and the resultant force
F, in z-direction on the boundaries z=0, [. with
0 < r <[, are calculated as shown in Eq. (4).

A Iy
/ 0|, 2nrdz = Fj3, / .|, 2nrdr = Fy. (6)
0 0 ’

The solution for Fig. 3(a) can be expressed by superpos-
ing the solution for Fig. 3(b) and the solution for Fig.
3(c) as shown in Eq. (7). Here the solutions of Fig.

3(a), (b), and (c¢) denote (6,,u,), (o4, up), and (o.,u.),
respectively.

F
0, = (ab ——lac) x (69 X nlf)/(Fg F4—)
s F3
F, F
U, = <ub —Euc> X (O'() X nlf)/(Fz F4F_‘~1‘>

In this study rectangular- and cylindrical-shaped inclu-
sions will be mainly treated because these shapes have
been used as 2D and 3D models of fibers in composites.
In our previous studies, for example, the magnitude of
singular stress at the corner of these inclusions have
been discussed [18]. The present results, however, can
be applied to other shaped inclusion as shown in the
next section.

(7)

3. Effect of shape of inclusion

First, plane stress condition with Poisson’s ratio
var = vi = 0.3 is assumed for the matrix and inclusions,
whose elastic constants are (£, vys) and (E7, vp), respec-
tively; then, square arrays of circular and elliptical inclu-
sions are analyzed to confirm the accuracy of FEM
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Fig. 4. (a) E/E)y vs. V; relation for rectangular and elliptical inclusions when [/l = 1, EJ/E) = 10°, vp, = v = 0.3 under plane stress, (b) E/Ey, vs. Vi
relation for cylindrical and ellipsoidal inclusions when /I, = 1, E/Ey = 10°, vy, = v = 0.3.

analysis. The present solutions for the maximum stresses
coincide with Isida—Sato’s [19] and Uchiyama-Yatsuda—
Murakami’s results [20] within 1% in most cases. In Fig.
4(a), square arrays of rectangular and elliptical inclu-
sions are compared. In Fig. 4(b), cylindrical and ellipsoi-
dal inclusions are compared. When the unit cell has the
dimensions 2/, x 2/,, the volume fractions of inclusion
V1 = abl(l,l,) for rectangular inclusion; and Vi = na'b’/
(4l,1,) for elliptical inclusion. Here, the rectangular
inclusion has dimensions a, b, and the elliptical inclusion
has radii ', b'.

As shown in Fig. 4, the effective Young’s modulus is
not equal even though Vi =constant. The effective
Young’s modulus is identical under the following
conditions:

(1) the projected area fractions of inclusions are equal,
that is, a/l, = d'll;

(2) the volume fractions of inclusions are equal, that is,
abl(l.1,) = na'b'I(41.1,).
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Fig. 5. Elastic modulus is almost equal when (1) a/l, = a'/l, and (2) ab/
(I ly) = mabl(4l,1,).

Fig. 5 illustrates the equivalent condition of
inclusions.

If the condition is satisfied, it may be concluded that
the effective Young’s modulus is almost equal even
though the shape of inclusions differs from rectangle
or ellipse. Therefore, actual irregularly shaped inclusions
may be evaluated from equivalent rectangular inclusions

with the application of FEM.

4. Comparison between the results of plane strain and
axisymmetric unit cell models

In Fig. 6 the effective Young’s moduli £ are compared
between the rectangular inclusions in Fig. 1(a) and cylin-
drical inclusions in Fig. 1(b). Here, Vi = (a"/l,)(b"/l,) for
plain strain model in Fig. 1(a); and V; = (a/l,)*(bll.) for
axisymmetric model in Fig. 1(b). As shown in Fig. 6,
the effective Young’s modulus E is almost identical
under the following conditions (see Fig. 7):

(1) the projected area fractions of inclusions A4; are
equal, that is, a*/l. = (a/l,)2;

(2) the volume fractions of inclusions V7 are equal, that
is, (all(bll.) = (a*IL)(b"1L,).

Using this condition we can evaluate 3D array of
inclusion from the results of 2D analysis. Table 1 indi-
cates the effect of Poisson’s ratios for cylindrical and
ellipsoidal inclusions when /[, = L/, =1, E\/Ey = 10°.
The plane strain’s and axisymmetric results almost coin-
cide with each other if the two models have the same val-
ues of Ay, Vi, Poisson’s ratios v, vy, unit cell’s aspect
ratio (/,/I, = L/l,), and elastic ratio E\/Ey,.

5. Effect of arrangement of inclusion

In the above discussion the effective Young’s modulus
E is found to be controlled by two major parameters,
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Fig. 6. (a) E/E,, vs. Vj relation for plain strain and axisymmetric inclusion models when /,/[, = L/l = 1, EJ/E) = 10°, var = v = 0.3 (b) ElEp, vs. Vi

relation for plain strain and axisymmetric inclusion models when [/l = /I, = 2, EJ/E )\, = 10°.
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Fig. 7. Elastic modulus is almost equal when (1) the projected area
fractions of inclusions are equal, that is, a*/l, = (a/l,)2 (2) the volume
fractions of inclusions are equal, that is, (a*/l,)(b*/l,) = (all)X(bIL).

Table 1
Effect of Poisson’s ratio for cylindrical and ellipsoidal inclusions in Fig.
1(a) and (b) when [ /I, = L/, = 1, E/Es = 10°

Poisson’s ratio (vi = vy) 0 0.3 0.4 0.45
2D Unit cell 2.829 3.057 3.547 4.087
3D Unit cell 2.951 3.134 3.592 4.141

that is, (i) the projected area fractions of inclusions Ay,
and (ii) the volume fractions of inclusions Vj. This con-
clusion is, however, obtained from the results of two-
dimensional and axisymmetric unit cell models assuming
periodically arrangement of inclusions. Therefore to
investigate the effect of disordered array of inclusions,
the model of Fig. 1(c) is considered in this section. Here,
the position of group A is fixed; then the effect of loca-
tion of group B on the effective Young’s modulus is con-
sidered. For the unit cell with dimensions /. x/,, the
volume fraction of inclusion is V; = 8ab/(l,/,) for rectan-
gular inclusion with dimensions 2a x 2b. Fig. 8§(a) shows
dimensions of the model of periodically arranged inclu-
sions having elastic ratio Ey/E,; = 10° and Poisson’s

b
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Fig. 8. (a) Dimensions of two-groups-inclusion model where both
groups have the elastic ratio Ej/E, =10’ and Poisson’s ratio
var = vp = 0.3 under plane stress. (b) Effective Young’s modulus E vs.
the central coordinate of group B varying in the range 0 < x < [,/2,
0<y< /2.
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ratio vy, = v; = 0.3 under plane stress. Fig. 8(b) indicates
the effective Young’s modulus in the y-direction E as a
function of the central coordinate of group B varying
intherange 0 < x £ 1,/2,0 £ y £ [,/2. As shown in these
Fig. 8, the variation of E/E,;is 0.94 ~ 1.44; however, if
we compare among the values of cases (A), (B), and (D),
the variation becomes small, within about a few percent,
that is, 0.94 ~ 1.02. Therefore, it may be concluded that
the effective Young’s modulus is almost independent of
the location of group B if the projected areas of groups
A and B are not overlapped. In other words, the volume
fraction of inclusion and projected area fraction of
inclusions are two major parameters controlling the
effective Young’s modulus of model 1 (c). Therefore it
may be concluded that actual composites can be evalu-
ated efficiently in terms of two major parameters, that
is, the projected area fractions and volume fractions of
inclusions.

6. Conclusion

Unit cell models have been widely used to investigate
mechanical properties and also ductile fracture mecha-
nisms together with finite element analyses assuming
periodically arrangement of voids, particles, inclusions,
and fibers in matrix. Actual structural materials, how-
ever, usually have randomly distributed general ‘inclu-
sions’. To begin with a tractable problem, in this
paper, the effect of shape and arrangement of inclusions
on the effective Young’s modulus E of heterogencous
materials is considered through examining three types
of unit cell models as shown in Fig. 1. The conclusions
can be made in the following way:

(1) The effect of shape of inclusions is considered
from the results of rectangular and elliptical inclusions,
together with the results of ellipsoidal and cylindrical
inclusions. Then, the effective Young’s modulus is found
to be mainly determined by two major parameters, that
is, (i) the area fraction of inclusions projected in tensile
direction A;, and (ii) the volume fraction of inclusion
V1, almost independent of shape of inclusion.

(2) The results of plane strain model in Fig. 1(a) and
axisymmetric model of Fig. 1(b) are compared. Then, it
is also found that the effective Young’s modulus E is al-
most identical if (i) the projected area fractions of inclu-
sions Ay and (ii) the volume fractions of inclusions V7 are
equal.

(3) The effect of disordered array of inclusions is dis-
cussed using the model of Fig. 1(c). Here, the effect of
location of group B is examined when the position of
group A is fixed. Then, it may be concluded that the
effective Young’s modulus E is almost independent of
the location of group B if the projected areas of groups
A and B are not overlapped.

(4) The volume fraction of inclusion V7 and projected
area fraction of inclusions Ay are found to be two major
parameters controlling the effective Young’s modulus of
composites. Disordered irregularly-shaped inclusions
may be evaluated from equivalent ordered rectangular
inclusions with the application of FEM. This replace-
ment may be effective and efficient if actual inclusions
are well-approximated by elliptical, ellipsoidal, or cylin-
drical inclusions.
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